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Layer-Wise Approach for the Bifurcation Problem in
Laminated Composites with Delaminations

Jaehong Lee,* Zafer Gurdal,t and O. Hayden Griffin Jr.j
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

Buckling of axially loaded composite beam plates with multiple delaminations is studied. The delaminations
are assumed to extend through the width of the composite. A finite element method based on a layer-wise plate
theory is developed to formulate the problem. Numerical results are obtained, addressing the effects of the
number of delaminations, their lengths, through-the-thickness locations, and axial locations on the critical
buckling load and corresponding mode shapes of the composite laminate. It is found that the proposed approach
is very efficient and yields accurate solutions with significant savings in computing time compared with the
commonly used plane elasticity finite element method for analyzing delamination buckling problems in com-
posites.
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Nomenclature

= in-plane laminate stiffnesses

= transverse laminate stiffnesses
= half-length of delamination
= Young's moduli along longitudinal and

transverse fiber directions
= distance from support to center of

delamination
= in-plane shear modulus of lamina
= half-thickness of beam
= half-length of beam
= in-plane stress resultants
= in-plane compressive loads
= specified values of in-plane forces
= transverse shear-stress resultants
= transformed lamina stiffness matrices
= thickness of sublaminate
= strain energy
== displacements in x and z directions

at reference surface
= nodal values of displacements in x direction

of each lamina
= jumps in the slipping and opening

displacements, respectively
= potential energy due to in-plane

loads
= total potential energy
= stiffness matrix
= geometric stiffness matrix
= eigenvector of nodal displacements
= eigenvalue
= Poisson's ratio
= normal and shear strains
= normal and shear stresses
= Lagrangian interpolation function
= unit step function
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Introduction

D ELAMINATION is a commonly observed damage mode
in composite laminates. Delamination may develop as a

result of manufacturing defects or as a result of certain in-ser-
vice factors, such as low-velocity impact by foreign objects.
Delamination damage is known to cause degradation of over-
all stiffness and strength. In particular, delamination damage
can result in substantial loss of compressive load carrying
capacity of a laminate through local instability in the vicinity
of a delamination, and can lead to global structural failure at
loads well below the design level for an undamaged laminate.

With the increasing use of composites, compression behav-
ior of delaminated composites has received considerable atten-
tion in recent years. Several authors have investigated various
aspects of buckling and postbuckling behavior of delaminated
structures. Chai et al.1 may have been the first investigators to
study this problem. They presented a one-dimensional analyt-
ical model to assess the compressive strength of a delaminated
composite. Simitses and his collaborators2-4 investigated de-
lamination buckling and growth of simply supported and
clamped composite plates using one-dimensional beam-plate
theory. The effects of delamination position, length, and lam-
inate thickness on buckling loads were studied. The problem
of symmetric local buckling and growth of a delamination in
a circular plate was presented by Bottega and Maewal.5 Shein-
man et al.6 extended the work of Simitses et al.2 to include the
effect of bending-extension coupling on the stability of a
delaminated composite using a finite difference model. Kardo-
mateas and Schmueser7 studied the effects of transverse shear-
ing on buckling and postbuckling of delaminated composites.
They found that these shear effects increase the possibility of
crack growth due to the extra energy from the transverse
forces. More recently, Chen8 investigated transverse shear ef-
fects using variational energy principles. Results of Chen's
study showed that the transverse shear effect depends on
delamination location and size.

Most of the literature cited above employed analytical mod-
els for solution of the problem by dividing the delaminated
beam into four regions (Fig. 1), and then applying boundary
conditions for the outside edges and continuity conditions
along the interfaces of the regions. Boundary conditions were
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Fig. 1 Conventional one-dimensional delamination model.
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generally assumed to be simply supported or clamped. For
more general boundary conditions and multiple delamina-
tions, finite element analysis is often employed. For example,
a plane-elasticity finite element model was applied by Whit-
comb,9 Wang et al.,10'11 and Williams et al.12 to study delami-
nation buckling and postbuckling in composites. However,
analyses based on two-dimensional finite element models are
computationally intensive because of the need for a very fine
mesh near the delamination crack tip. Kapania and Wolfe13

developed a one-dimensional finite element model based on
the model suggested by Simitses et al.2 to study the effect of
multiple delaminations. However, their analysis was limited to
two delaminations, and more general configurations were not
studied.

To the authors' knowledge, most of the literature on delam-
ination buckling of composite laminates deals with a single
delamination, with only a few references10'11'14'15 on multiple
delamination problems. In actual situations, however, when
composite laminates are subjected to impact, a number of
delaminations with a complicated through-the-thickness dis-
tribution may occur. Therefore, there is need for an analytical
capability that can be applied to general multiple delamina-
tions with complex geometry. Most recently, Barbero and
Reddy16 adopted layer-wise plate theory,17 which is capable of
modeling multiple delaminations, to calculate strain-energy
release rate. However, all of the examples considered in that
work were limited to single near-the-surface delamination
cases.

In the present study, a displacement-based, one-dimen-
sional finite element model based on the layer-wise plate
theory of Reddy17 is developed to predict critical loads and
corresponding buckling modes for a multiply delaminated
composite with arbitrary boundary conditions. Governing
equations are derived from the principle of the stationary
value of total potential energy. It is assumed that through-the-
width delaminations of prescribed distribution existed before
loading is applied and that propagation of the delamination is
ignored. Such an assumption is valid for tough materials
where delamination propagation is not likely. Results are ob-
tained for specially orthotrbpic laminates axially loaded be-

tween two clamped edges, and are compared with the results
of Chen8 and Wang et al.10'11 for verification. For general
multiple delamination configurations, the effects of one to
seven delaminations with various locations, lengths, and
shapes on critical buckling load and buckling mode are para-
metrically studied.

Formulation
Kinematics

An TV-layer fiber-reinforced composite beam plate contain-
ing multiple through-the-width delaminations is considered
(Fig. 2). To model the multiple delamination, the assumed
displacement field is supplemented with unit step functions
which allow discontinuities in the displacements as suggested
by Barbero and Reddy.16 The resulting in-plane and out-of-
plane displacements, u{ and w3, at a generic point x, z in the
laminate are assumed to be of the form

£
y - l D

u3(x, z) = w(x) + £
/= 1

D

£
i=\

(la)

(Ib)

where D is the number of delaminations, u and w are the
displacements of a point (x, 0) on the reference surface of the
laminate, and uj are nodal values of displacements in the x
direction of each lamina. The terms ul and W represent possi-
ble jumps in the slipping and opening displacements, respec-
tively, at the L(i)th delaminated interface. L(/)th denotes the
location of the interface where the /th delamination lies (Fig.
2), and ^(z) is a linear Lagrangian interpolation function
through the thickness of the laminate. The step function d*(z)
can be represented as a Heaviside unit step function H(z).

(2)

The nonzero components of strain associated with the small
displacement theory of elasticity are given by

<*-T+£*'T !+£*'T :
dx j=\ dx / = i dx

(3a)

Fig. 2 Laminate geometry and deformed configurations with multiple delaminations.
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(3b)

Equilibrium Equation
The total potential energy of the system can be stated, in its

buckled shape, as
n= u+ v

where U is the strain energy
(4)

(5)

and V is the potential of the applied loads due to transverse
deflection:

(6)

Thus, the principle of the stationary value of the total poten-
tial energy for the layer-wise theory can be written as

0- (7)

Substituting the kinematic relations of Eqs. (1) and (3) into
Eq. (7), we obtain the weak statement of the present theory,

V -/0/dwd5M^ ddw d
' +dx dx dx

ddwj ddw1 dwj

dx dx

where

i h/2
ax[l,

-/r/2
dz

Qi>Qx} =
-A/2

(8)

(9a)

(9b)

In Eq. (8), N$, A^°, ffx° are the constant in-plane edge loads
defined, respectively, by the following:

Nx = -Aw, = -\nJ, ff%° = -\nfJ (10)

where X is a buckling load parameter, n is the specified value
of the compressive in-plane force, and nj and nij are newly-in-
troduced layer-wise variables given as

k=l

N

E
fZk (11)" N fZ* + i

E dz
JZ k A r = l JZk

The one-dimensional equilibrium equation of the layer-wise
plate theory for buckling analysis can be derived by integrat-
ing the derivatives of the varied quantities by parts and collect-
ing the coefficients of du, dw, duj, bul, dw':

dN,
dx = 0 (12a)

(12b)

dx

dNl
x

dx = 0

(12c)

(12d)

(12e)

The equilibrium equations consist of (2 + N + 2D) differen-
tial equations in (2 + N + 2D) dependent variables (u, w, uj,
it1, iV). The geometric and forced boundary conditions are on
u, w, uj, u1, w', and on Nx, Qx, NJ

X, N'x, Q'x, where j = 1,
2, . . . , 7 V and/ = 1, 2, . . . , £ > .

Constitutive Equations
The constitutive equations of the kth orthotropic lamina in

the laminate coordinate system are given by

(k) = Q(k) (k) (k) = Q(k) (k) /13Aux *Zx fcA: > 'xz *&55ixz \LJJ

1 denote the transformed stiffnesses of thewhere Qff and
£th layer.

Substitution of Eq. (13) into Eq. (9) yields the constitutive
equations of the laminate

*-^n£ +£*,£+£**,£ 0*0ax j = \ ax y = i ax

^ (uc)
dw N D dw'

Qx = AV— + £ B&J + £ E's——ax j •= i / = i ax

QJ
X = B + Eax A T = I

y = i

(14d)

£ E - (14f)

where A n, B{l9 etc. are the stiffnesses of the laminate as given
in Ref. 18.

Finite Element Model
The generalized displacements (u, w, uj, ii1, wf) are ex-

pressed over each element as a linear combination of the
one-dimensional Lagrangian interpolation function \l/{ and the
nodal values («/, w/, u{, u\, w{)

(u, (15)

Substituting these expressions into the weak statement of Eq.
(8), the finite element model of a typical element is obtained as

(16)

where [K], X, [5], and {A} are the stiffness matrix, the eigen-
values, the geometric stiffness matrix, and the eigenvector of
nodal displacements corresponding to an eigenvalue, respec-
tively. The explicit forms of [K] and [S] are given in Ref. 18.

Numerical Examples and Discussion
Many previous investigators applied an axial symmetry as-

sumption for composite with symmetric geometry in the axial
direction. As a result, antisymmetric modes have been ne-
glected for symmetric geometry problems. In the present
study, however, both symmetric and antisymmetric modes are
investigated using a half-model of the composite. A typical
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Fig. 3 Typical finite element model for symmetrically located delam-
inations in the axial direction.

Fig. 4 Geometry for one delamination at midplane.

finite element model is shown in Fig. 3. The following
clamped boundary conditions for symmetric and antisymmet-
ric modes are assumed:

At x = /:

u = 0, w = 0, uj' = 0, it1 = 0, w7 = 0 (17a)

Along x = a to /:

ul = 0, wl = 0 (17b)

At x = 0 for symmetric mode

u = 0, uj = 0, it1 = 0 (17c)

At x = 0 for antisymmetric mode

w = 0, w1' = 0 (17d)

Single Delamination at Midplane
First, a specially orthotropic composite laminate containing

one centrally located (e/L =0.5) midplane delamination is
considered (Fig. 4) and effects of various geometric parame-
ters on buckling load and buckling mode are studied. The
material properties are given as follows: E\ = 181 GPa,
£"2=10.3 GPa, Gi2 = 7.17 GPa, vn = 0.28, where El is
Young's modulus in the fiber direction, E2 is Young's mod-
ulus in the transverse direction, G12 is the shear modulus, and
*>12 is the major Poisson's ratio.

The thickness-to-span ratio (h/l) is assumed to be very
small (1/400), so results can be compared with solutions from
classical lamination theory. Nondimensional buckling loads
for three possible buckling modes (Fig. 5) of different delami-
nation length ratio are compared with those from Refs. 2 and
8 in Table 1. Here, the quantity a /I is the ratio of delamina-
tion length to beam length. Results obtained by Simitses et al.2
did not apply symmetry assumptions in the axial direction. On
the other hand, symmetry was assumed in Ref. 8, and thus the
antisymmetric modes were not considered. The present analy-
sis clearly shows that the nondimensional buckling load for
global symmetric and antisymmetric modes correspond to
those of Chen and Simitses, respectively, for a/I = 0.4, imply-
ing that the antisymmetric mode is the first buckling mode for
this specific value of a/I. For other values of a / I , the present
results for the global symmetric mode are in excellent agree-
ment with the two other solutions.

Nondimensional buckling loads for the three distinguish-
able buckling modes of a laminate with a single delamination
at the midplane are shown in Fig. 6 for two different thickness
(h) to span (/) ratio (h/l = 1/400 and 1/10), respectively. In
Fig. 6, the filled circles denote the case of h/l = 1/10, while

the open rectangles denote the case of h/l = 1/400. The global
symmetric, local symmetric, and antisymmetric modes are
presented by solid lines, dashed lines, and dotted lines, respec-
tively. The buckling load TV has been normalized with respect
to the critical buckling load for the undelaminated composite
Ncr. It is observed that the global symmetric mode is insensi-
tive to the slenderness ratio of the composite except for large
delamination lengths a//. On the other hand, the local sym-
metric mode shows a substantial change in load-carrying ca-
pacity due to changes in slenderness of the composite. For
short delaminations (a /I < 0.25), the global symmetric mode is

local symmetric mode

global symmetric mode

antisymmetric mode

Fig. 5 Buckling mode shapes for one delamination at midplane.
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Global symmetric (h/l=l/10)

Local symmetric (h/l=l/10)
--0--

Antisymmetric (h/l=l/10)...o..

Global symmetric (h/l=l/400)

Local symmetric (h/l=l/400)
--Q--

Antisymmetric (h/l= 1/400)

0 0.2 0.4 0.6 0.8 1
a/1

Fig. 6 Nondimensional buckling load vs delamination length for a
midplane delamination.

Table 1 Comparison of nondimensional buckling loads
______for various length of a midplane delamination______

Present

a/I
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

Simitses2

0.9999
0.9956
0.9638
0.8481
0.6896
0.5411
0.4310
0.3514
0.2923

Chen8

0.9999
0.9956
0.9638
0.8561
0.6896
0.5411
0.4310
0.3514
0.2933

Global
symmetric

0.9999
0.9956
0.9639
0.8562
0.6898
0.5413
0.4311
0.3515
0.2934

Local
symmetric

15.320
6.0963
2.7176
1.5358
0.9864
0.6868
0.5058
0.3883
0.3077

Anti-
symmetric

1.9480
1.4360
1.0240
0.8482
0.7967
0.7929
0.7629
0.6857
0.5947
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apparently the first buckling mode for both slenderness ratios.
However, between a/I - 0.25 and a/I = 0.45, the antisym-
metric mode becomes the first buckling mode shape for the
thick composite, whereas the antisymmetric mode governs the
buckling behavior for a very small range of a// (near 0.4) for
the thinner composite. Near a// = 0.5, buckling loads of all
three modes are very close to one another, suggesting that the
actual failure of a thick composite may be a mixed form of the
three modes. For longer delaminations (a//>0.5), the buck-
ling load of the local symmetric mode is slightly lower than the
global symmetric mode for the thick composite, but is still
greater than the global symmetric mode of the thinner com-
posite. The antisymmetric mode is far beyond these two
modes for both cases, so that failure loads follow either the
global or local symmetric buckling mode, depending on the
thickness-to-span ratio.

Two and Three Delaminations
For comparison purposes, we examine the problem (Fig. 7)

solved by Wang et al.11 This example demonstrates the effects
of nondimensional delamination length (a//), through-the-
thickness location (t/h), and the number of delaminations on
the buckling load of laminates. Two cases are considered: two
delaminations symmetrically located with respect to the mid-
plane and three delaminations where the additional delamina-
tion is at the midplane.

Nondimensional buckling load vs nondimensional delami-
nation length for composites with two and three delaminations

j.

Fig. 7 Two and three symmetrically located delaminations through
the thickness.

Fig. 8 Nondimensional buckling load vs delamination length for
composites containing one, two, and three delaminations with differ-
ent t/h.

Symmetric mode (2 dels.)

Symmetric mode (3 dels.)

Fig. 9 Nondimensional buckling load vs delamination length for
composites containing two and three delaminations with t/h = 0.5.

one delamination at first interface

full uniform delaminations

trianglular delaminations

Fig. 10 Various types of delaminations.

is shown in Fig. 8. The results obtained are in good agreement
with the results by Wang et al.,11 except for the case of three
delaminations with t/h =0.5. This is because the antisymmet-
ric mode, which is the first buckling mode in this case, was
neglected in Ref. 11. To explain this further, the first symmet-
ric and antisymmetric buckling modes for the case of t/
h = 0.5 are presented in Fig. 9. For the case of t/h = 0.25, the
outer delaminated regions are much thinner compared to the
inner regions for both of the two and three delamination
cases. Therefore, the symmetric thin film buckling mode is
dominant for both cases and the center delamination stays
closed. However, in the case of a composite having t/h - 0.5
with three delaminations, the antisymmetric mode governs
buckling in the range of a /I = 0.1 to 0.4, as shown in Fig. 9.
That is, while the additional midplane delamination does not
affect the symmetric mode, it has substantial contribution to
the antisymmetric mode for relatively short delamination
cracks. Consequently, the composite with an additional de-
lamination at the midplane exhibits a much lower critical
buckling load than the composite with two delaminations.

It should be noted that the no-penetration condition which
precludes physically inadmissible modes was checked for all of
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0.2 0.80.4 0.6
a/1

Fig. 11 Nondimensional buckling load vs delamination length for
one, triangular, and full uniform delaminations.

N/Ncr
2

1.8

0.8

Global Local symmetric Antisymmetric
—e— --o- •••€>••

> -© -e -e - e- e- -o- -o- -o- -o- -o -o -&

10.2 0.4 0.6 0.8
e/L

Fig. 12 Effects of axial location of a delamination at midplane for
0/7 = 0.2.

the results presented herein, and none of the critical buckling
load results show physically inadmissible buckling modes. The
detailed explanation of the no-penetration condition can be
found in Lee.19

Seven Delaminations
In this case, it is assumed that there are seven interfaces in

the laminate where delamination may exist, and each sublam-
inate has the same thickness. Two different distribution of
multiple delaminations are considered (Fig. 10). The thick-
ness-to-span ratio is assumed to be 1/10.

The nondimensional buckling load of the fully delaminated
composite with equal delamination lengths is compared in Fig.
11 to a composite containing a single delamination at the
outermost interface and a composite with a triangular delami-
nation distribution. It is noted that the single and triangular
distribution delamination cases yield almost identical results
over the entire region of a//. That is, the thin-film type local
symmetric mode dominates buckling for these two cases. This

result suggests that the longest delamination existing in the
outermost layer governs the buckling load and mode shape
and the shorter ones seldom contribute to the buckling load
for the triangular case. However, the buckling load of the
fully delaminated composite is far below the other two cases,
by 40% for short delamination lengths. This is because the
antisymmetric mode, which is insignificant for the other two
cases, becomes responsible for buckling of multiple short uni-
form delaminations. In this case, short delaminations interact
with one another, and the composite is severely weakened in
its capacity to withstand transverse shear force. It is this
susceptibility to shear deformation which accounts for a very
low bifurcation load associated with a highly localized anti-
symmetric mode shape. The global symmetric buckling mode
occurs only for very short delaminations, e.g., #//<0.1 for
the one and triangular delaminations, and for #//<0.05 for
full uniform delaminations. For longer delaminations, each
sublaminate created by delaminations becomes significantly
thin, and thus, thin-film local buckling is predicted, so that the

N/Ncr

0.9

0.6 '——L-

Global Local symmetric Antisymmetric

9

/.£)

J 0"

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
e/L

Fig. 13 Effects of axial location of a delamination at midplane for
a/I = 0.4.

N/Ncr
0.85

0.8

0.75

0.7

0.65

0.6

0.55

Global Local symmetric Antisymmetric
—e— --o- ---O--

\

0.2 0.3 0.4 0.5 0.6 0.7
e/L

0.8

Fig. 14 Effects of axial location of a delamination at midplane for
a/I = 0.6.
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buckling loads for all of the three cases coincide for relatively
long delamination cracks (tf//>0.3).

Effect of Xxial Location of Delaminations
The effect of delamination location along the axial direction

of the composite on the buckling load is shown in Figs. 12-14
for a/I = 0.2, 0.4, and 0.6, respectively. The center of the
delamination is located at a variable distance e from the left
end of the beam (Fig. 4). In Figs. 12-14, three distinguishable
buckling modes (global, local symmetric, antisymmetric) are
identified.

It is found that the local symmetric mode is increasingly
sensitive to axial delamination position as delamination length
increases. The buckling load for the local symmetric mode is
generally lowest when the delamination lies in the center of the
composite, and the buckling load increases as the delamina-
tion approaches the support. This is because the effect of the
clamped boundary condition becomes significant when the
delamination is close to the support. The buckling load for the
global mode reaches its highest value when the delajnination is
located at the midpoint of the composite. The antisymmetric
mode also varies with axial delamination location, but it does
not exhibit a general tendency for various delamination
lengths.

For a/I ~ 0.2, the global mode is dominant for the entire
range of e/L. The buckling load is lowest when the delamina-
tion is located at the quarter point of the beam. For a/I - 0.4,
when the delamination is located at the midpoint, the antisym-
metric mode is active. Otherwise, the global mode is the first
buckling mode. The buckling loads for the local symmetric
and antisymmetric modes increase as the delamination ap-
proaches the support. For longer delamination (aII = 0.6),
the local symmetric mode is the first buckling mode when the
delamination is centered near the midpoint of the composite.
However, as the delamination becomes off-centered, the
buckling load for the local symmetric mode increases due to
the clamped boundary condition, and the global buckling
mode dominates. The buckling load for the antisymmetric
mode is, in this case, far beyond that of the other two buckling
modes for the complete range of e/L.

Concluding Remarks
A one-dimensional, layer-wise finite element model was

developed to study the compressive stability of composite
beam plate with multiple delaminations. The model is capable
of predicting accurate buckling loads for various delamination
distributions. All of the possible buckling modes including
global and local symmetric modes and the antisymmetric
mode are considered. The effects of composite geometry and
locations, sizes, number, and shapes of delamination on buck-
ling load and mode shape of composite are studied.

Based on the above analytical developments and numerical
results, the following conclusions are made:

1) For composites with three delaminations having rela-
tively thin outer sublaminates (t/h = 0.25), the additional
rnidplane delamination stays closed and the outer delamina-
tion dominates the stability. Thus, the buckling loads and
mode shapes are identical to the composite with two delamina-
tions. However, when all of the sublaminates have equal
thicknesses (t/h = 0.5), the buckling load for the three delam-
ination case becomes much lower than that of the two delam-
ination case in the region where the antisymmetric buckling
mode governs the stability of the composite.

2) The thickness-to-span ratio of a delaminated composite
affects the buckling load. For a relatively thick composite
(h/l - 1/10) with a midplane delamination, the three individ-
ual buckling modes, e.g., global symmetric, local symmetric,
and antisymmetric, govern the buckling behavior of the com-
posite as the delamination length varies. On the other hand,
for a thin composite (h/l = 1/400), the global symmetric

buckling mode is dominant except in the range near a /I = 0.4
where the antisymmetric mode governs the buckling mode.

3) The composite with seven uniform delaminations has a
much lower buckling load for short delaminations than that
for a single delamination at the outermost layer and that of a
triangular delamination distribution due to weakened shear
strength which results in the antisymmetric mode. It is noted
that the larger the number of delaminations, the more domi-
nant is the antisymmetric mode for short uniform delamina-
tions when the delaminations are located symmetrically
through the thickness.

4) Axial location of delamination affects buckling load and
mode shape significantly. For a given delamination length, the
global buckling mode is expected for an off-centered delami-
nation, and the antisymmetric or local symmetric mode is
generally expected as a delamination approaches the center of
the composite depending on the delamination size.
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In the high-tech, high-risk arena of aerospace, things always have
to be done better, quicker, and done right the first time. Everyone
on the project needs to understand system engineering and the

specific role they play in implementing it to successfully develop a major high
technology system. Dynamic System Engineering takes you through an
eight-step system engineering process and shows you the steps necessary
to manage the implementation of the process. Learn how to tailor the
process to both large and small projects, as well as how to adjust the
implementation process to NASA, DoD, and commercial markets. For more
information, contact David Owens, telephone 202/646-7447 or FAX202/
646-7508.


